B more than ope |

= A i
s Func€ion Of Severa|l Vwiables

—
Rempnler j: d GQ)\% I g2 2 (oned:
clePeA&em‘: ;“‘-&PMJ&+
variable Veriable
\j ; X.
| 4
pOaR) S ) Y
J e etion dj/ \L fv/: ¢ Hion
cief)?/léen'{' nckperdart Ygﬁ,?b‘i}z+ faclc,owclmf
v oiable variables i Vaigbles
2. X Md d o XI\‘jj 2.

A fuction of flxiy) is 8 rule that associates
for each peint (xiy) i the demain W s vaigue
value flxiy) 11 the range R

—#’6#,)_(__; Fiad +he domain and 4 he rarge O)C

2 = £ (cig) = 164Xy uppec Elipseis

= 6 (1 orduto 593 root

we must have ) ned
16-4 X.’Z—\-j—" > © ) ,r;;n lj& aﬂfﬂ/’ such that X
2 - x 2 2
—> 4Xxryr <16 DHEOM)\ E—y% s, xy eu&}

or |m+’j 2 '
sav INT, X Yyt : .
2:1:(0,-0) = \er.,rl_oa_'“Bz 4 — Max. Valve .

s = R =
} boundary Maé Insf&,; &
the vepe llipso R - Oé = é .
gP ellipse’ d MIA Ma x & EO/ (rjg



g)( LC'& 5 i
ER Tflxy)=sin(3Xt2y) . Find £(1,2).
what is the range of flxy)?

f(,2) = sin (3.(1)+ 4{2) = sIn (3+8)=sin (44) £_.0.999.

Since (X = S A (3)(1-4 1§ 8 sine vne tion
4 4 J
the sine fmc%ion remons between -1 and

'H/te f'aﬂg& o»f

1 inclusive. Thea K"—'—E—{,‘[:I:Z(ij)J-"féxg’l and )
—1<y<g A, 00y)ER

— ——

—

Let .
EX- Flxy)= 2+\]9_-j1 . Evelvate F(4s2) and
find +he rarge of f(xg) -

e f(w2)=2+(9-@)* = 21V5
TO jcfﬂ& ’tl/l?, raf\ge Ojc ’f(le)j we cons)de "L'}'LE. CIOMafA

expression ingjde the square oot must be

of 9y since the
,\Oﬂ,neﬁa{:iw. Then ,

o (e 20 =RTRO = Yyt & 9 D-3£YE£3
The wminimum valve of @:\—ﬂ? occurS when Y= T3 . That is,
e ; BE 42 F3 7 Bifx, 73y =21 072
The VO valve O’f \{_9?3_1 oceurs when y=0 i That is

\Wﬁ TN
Joge ;o §20 73 Flupje 2t = 8
Thos - RE[aS :Z(x.g)) 2£Y<5, ("'356)&3
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6o,

Ex- Let f0uy2)={x3 ab-x-y_=
Evslvate —F(2131‘1)J Fl=l-q2) .

Fz,3,4) = {253% §F-2-3 =172.256 -9 =\(8423

4
(X;Zf\3:3/%:é) CJEff/lécJ
in )R .
fet,mg,2) = (6D o) @)= -)-(4) -2
(x=-1,9=2-4,2=2) = D16 16 r1+4-2
= \F'256+3
= (B
f("‘/"ﬁ,Z) is not defined in IR. Byt defined in €.
L i
rea | Comple x
numbe s .

e fEw)=\s-SXtyr D=7, R=7 D%

— 2
6-6X"-y* 20 = 5 94 +y* => x*+ YL
5

gwes an 8“if$e, centeed C(O/O) with semi Ma{j’Of"MMOF

axes 4,{_5_ )(‘eSP.) alor\j X aﬂcl\'j-—axes,rasp.

The waxinvm valve of ‘fﬁ*rj) cceurs at C(0/O> O'JC the

e\\iPSe, 2 'f(O,‘D)'—S Hm = ys (max. valve )
"T\\L Miv\imdm \J’ald@ Df 'FGCU) occurs F_H: -Lhz bouqdqyd

whee 6-5X*-y*=0 = £&x1Y) =
Theefore ;, R 55:0/\[—6-] XelR,9€IR

s
Dy ooyttt g (mﬂ)em’-}
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Z1)
ex: fiy)= \ax'p D=7 R=7 o
;2X2+j?~ 's a\Wa\ij Posi%iue.. That i, 27(21*:1220,
Von—negative - So, D=IR* (1 (xy) pairs)
The minimum Value oceus at (0,0):

‘f(0,0)i\{z,(o)'lf(o)l =0 .

As (xiy) Increase f (x19) < become arbitrasy farje,

“There fore , R = [o/cﬂ> !

\_//_/,/—V,M

E}_;, Find domain D and range R for the —F&Howm\? :

f(x.g)): 3+\(4x’~+332 ,

9(xy)= 4t 6‘)

h(xiy)= 27T N3xT+ 32 -
lew/’\—\

Ex- Find the  following for 'F(’“fj)—’&'ﬂ(x%rgl)-regxﬂ
]C(ﬂ;ﬂﬂ )
f(o,0)
£t 1)
£ (-2,0)

f(e,e) .
\/\/,,\_,M/M
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z2)

AXtRY+C2+D=0O

.-/' a line e,qu.sm':ﬁo/\ 1) )Ofa/te. e?ucn‘é,b/l

( (or aX;-i'bX?_-i-C:-'O) / (W(F’rxffGX'erCerD:o

axHojfc: 'S

Ax+65+c%+0w+6 - hjpﬂ'plw
(or (A iR Xz £ E X3 DXGHE = O) eguation, .
/% R4 )
X2
- Just 4[
Imajiﬂéf IR 7.

X 1—3
@f (X. T -—rﬂ) COF" e *X\g = )
o <ircle e.quahon a sphefe e?uahan /
2 2 —— ////_’\\.
RN TR SRR < > We can not drow it _’
a b pefohye in 4D ¢ in 4D-
T e '—-"'"'"-’—_-/

4‘%,0(' R i h\-jpersjolne,re in nD
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I

73
ASSume ‘f()(f_'j) Q —funt;"ll:fc?/l ) 3&Jj> a fmc—tf—;'a/) deﬁned
on Dy and Dz,r“esf:e,a-l:ive,lj- Thfm/

rall
Sum 6C+9) (x1vy) = ’]C(X:j) +.9 (x/j) V/("cho) ;-
ﬁﬁ@@c"’ﬁ)()(;y) = (X)ﬂ) —9 (X}gj) Y
st (£o9) (xig) = FOxg)-90xg) J EDNDs %

M } V’O{;y) n

votiert i o / = 4
otint () (19) = ~5iuy) §D1nD2j N f(x9)[ 962,

A func%l‘on of twe vaiables is @ rule,J deroted bj 16'/

£hat —ass[_cjns a unfodu valve f(xfﬂ) 4, each ordered |
Fair (ay) in @ set D. The st D) is - w8lled +the M

of the funcibion, while the resulting velves foay)

-form —wa of the fuﬂc%:’on

L_e,ve,l CrveSs and Sur‘faca.&

2 Simily 4o the

siujle—Ua‘iabfe case , the

%;Cg‘-‘-’*cl 3raflﬂ o-f a f-/nc-b'on -F(x:}_'j)
, L o is defined @5 the set of
2 ! o Y all or dved 'f:rlplﬁS CX‘JJE‘))
R whoe (xiy) lies within the
7 f\ Y domain of £ and 2=4{(xY).
el gﬂw;jSHJ The 31‘;)'0]1 ﬁrms o
9 ple cg > X Sur-Face_. n ]g3 5
R b b Ao D

!

sected onto the
level (or c:c:nn-éal,;r)Cw_ue_g projected oa-to



@

ch 1.2 Limits and Continvit
—

Open e Closed Sets in 2D and 3D .-

m Opern Disk { It certered ot c(x ) in R*, and set of all
?oiﬂ'&s Q(le) such that

((x-«)ﬁw@f-p)l &, R0

3 A
| 3 A 0 €N
F /ﬁ; c:ll\s‘(f (X“"Qz +@_)3) ?.< - 2

|

In IRi closed Disl | When the bomdar\j of the disk 15 included

(i,e o5 i‘F (x,o()'l.f[&,]gj?érz) , the disk i§ referred to a5

C:‘OSQA- 4\:j
certer c(%R) il /-3 djfflf
: 2 e
(-e)2 +(y-pI* L 7" i
. > X

r>o
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@g)

Limit Of a Fuaction O'F Two Variables

lim f(xrgj) = L'u (e YE>D 5 B8 20 sich that \'x\
(’w)—’) (ij 0) 6< (X"Xa)'z-r(g.»go)zC 8/ it fo”oﬂd‘/\ |

Jefin tion of limt +that
S e&al&wa{—ica[lj . ? )'F(X:&)”L—\ <€&.

The limit expression lim fOay) 2s (x9) approache s

(Xo,90) indicates that for evey £50 , there exists a
s >0 sveh that whenever (xi19) 1S a point within the
domain D of f and sa'l:i',sfies the condition
0< (x-x0)%+(y-92)* <3,
it fellow s that diffeerce
ooy -L | <& - W
g SAEN . bowd
)

. 7/ S di
s ,,:////.é/)}“‘} bound@d) /(o 4o
\

) ~/ insio
425 niide
' X
©(0; ) XO
Thet s .
by “9 A\
e
M//M S ]@ N ®
R0 e fny s
Punctured Al disle ' circle
[ and its

disk n, I



2

W hen ex amining limi£ f(X), we consider +the

S?Proach O-F X '{ZOUUa(‘clS c ')(}OM "JW.O c]irecffans (-!&'f'f:"}%)’b’
snd risht-hand lmits). However , for & func tion of

two Vofinbles when we write (er) - ()(o,':]o))
L means thet “he )oo:'n% (x19) is allowed o aﬂo!'oack
(Xo) o) slong a1y curve within the domain of f
thet passes fJaravJLx (xoﬂjo)'

For example no ma-t-ter wmbh\fﬁﬁéwjou take

to reach the -boP Df H/Pe ; stair, gT
6]%\194:0(‘,
,zt-if-fe] Tower‘) oNnce \909 af“f'l'\!ej c limbing

\901)'!1 see the same View DJC .
If lim f'(x:jj =

()= (xergo)
s not the same jfm— 5)) JOSH"‘S
within the domain O"f ‘fJ +hen .
Lhe limit Aoe&ioj_:_ ex1st (DNE)

Ex . Find the limit : i 5““[5@2*31):L :
= 6(;5)—5 (O ;0) ) (X 2—!—32. )
W
nt - Y S__l'{l__*_f:_:_ (
]—Jm-f: .ljli‘;\o 7 " '? ‘F X'j)

In polar coordinates X=rcos® /. x?'-]-\lj?'--r'l
Y=rsing R

flnp)= sin(6c2). . (xiy)—3(p0) = r—o.

Y e ;
L=5r% = r—o then +t—0 " ):msﬂ@ = lim Siat =
o L B +-0 :


Erhan Güler
Kurşun Kalem


LEX . Find the doman of
70()(!31:2) = In(=2 -y)+ Xysinz .

%-'\\j 0 = 'F(Xfﬂ}%> IS ® de—f}he_c‘ )Cv'/?cffo/l.
=) D_ZClej%>é 3 l %>g2

W\ r\‘-’;b//"g

\\V

ex. Find the [evel sUr-Fac,e.&,o—( f(x,j,%);x2+:]l+%2_

..-r-"'"-——-‘

The level swfaa;s are X L+j‘+%1: &= (5urfaces>
(c:>/0) The spheres have radivs {c .

C::.:l/ C':_Z/ c=3

i L g

X?'_Tﬂl'f‘%l: \ )(@U?—»r Z = L’ /)( ’11—j1+ %'l = 9
g =) .. 3 59
™ |evel surrface:s (Sﬁheﬁres)

i e {{rﬁ g
quadraat
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séjgnqﬂg{ni Emr/efj)lﬂiﬁ hest pein tinthe werld

level curves Ie,vel ,sur-Fa cel

Level curves and svrfaces of Mt.-Everest.

(@m means Sed leue.,l>
T

Se a
leve |

de..-..pes-{: point
in the werld

Mariana —ﬂ”e/tc‘n
(10 935 m belouJ)
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[-F, &[on.ﬂ lﬁ'a—!:!n (C1)J a8 (K,:ﬂ) —_— C«%b) Q5 ?
{I(x‘fﬂ) = L1 aﬂd \j P&EJ/] (Cz); as O('j) — (a;b> ac \)
f(ﬁ(tj)"‘? Lo -then /

h'm -F()(L(j)

(i9) =2 (a1h)
does not exist (DME> - Here , Lf :/‘: L &
il R i P M T e D i T i T i

M

/,,(fil_'\ g (¢4)

e 8 (€2)
II‘M ’F(X;}j) = L

(x19)= (5,b)

For the fx/ACEiO/\S OTC oNe. vaﬂ'alole, we can ’&?ff)r“axfma-{;e

X 4o & from only two directions , frem the right

o -&[/LP, lgff-{: !-F,‘C
{ lim £ ) = lint ]COL)—.:—L &> lim ]C(K)"—‘-L \é'

e s B 0 e T N UL e e
—The situation 15 not so Sfmp'e fof the ]ch,%fms

O]C £wo V’GFEQHGS ) becauste (ij) can be af)'oroachecl
L (g,b) froﬂ/\ fﬂfinf'kel\j Many directions (CX:g) )ORW!'JQJ
+h t cemains in the clpn/lafh 0]0 -f >(see figure above>
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” S ‘85)'
___E,Zﬁ—' Let 'F(x:jj = X_"“iﬁ_i i nd the (:’M.’—L— .
X ""r\yl

lm (oY
(Xlﬂ)lﬁ@;O) £l

Firsh, letus spprosch (0,0) EUGREMERISRIIE)

|n this case, 3-"'01 JCO;: all X#0, cy path -
Fx0)= X=@ = X2 oy X- 2K
5 XK1

Xt (0)* R
T hen , ""F_B X
Jinn ]CCXI_V]) = 4 el 22 CJ/

(xiy)— (0,0) R
Now, let’s afpr‘oxIMaée w b\_'j taling
X=0 . In +n's czz‘lie) JCOF all 57‘:0- &> Pa-é/a
R eI

h G o Lt T Bl e I
Thea, i foay) oNe. (Li#la)

(xiy)— (0,0)
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Ex. Let fhy)= I . Find the it

" Xt y*
[im -F'(X:j) ai
(Kl_'j)"") (0,0)
| —0 , then X)) = X-(0) _ i AFPE .
) ) ’F( ) ot (g Ve O
Then, alonﬁ the X-axis { cy path: g
IIEN\ ‘F[X,;j _ = L{ Xi—2X) S ‘
(x19)=>(0,0) )= 2R :
[f X=0 , then {—(0;3):_@& WC i 3
(0)21,52 32.
Then , along the y-axis P DAt |
inn 'F(le): =L » Yy axis
(xiy) = (0,0) e s

Although we obtained the same limit a’onj the

axes , th's result does not indicate -that the

it is O.

let’s afnfsroaaln (0,0) alonj another line |,
| off exam ’6 'f'hf?- line = .
F J c3 Pa%h:
For all XFO g line.
e (8 X 2 oy J=X
X = oz = _--::L
—JC( )'K) X?—"I'X?’ 2)(2' 2_ 3

There fore , aflonj‘ the lne x=y , 'F(xi:j)-—-)—"z

25 (x},j)——-a(()/o) ‘ szti/;j-.—.x
Since we obtain differert BRI Gy o

hmits a\ong diffoert PDL-J/)S, /T Li=0
limit DNE. LS:E{: Ll
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@

/6,7}__’ Find [im 5x?
(X1y)= (0,0)  2X 7‘1—43 2

0 Pé)'(:lﬂ alon\j J:O 2
- Ex* : Sx* a8

- = M — i

lim

(xi9)>(00) X HE(O)° (Gry)> (0,0)
o Pakh alOna X=0

|l‘M -—-—.__—-—-_..--5\' (0)2 = “M- .._C_)_. = 0 y
()2 (00)  2.00)"rb4y?  (up)(o0) 43?

o Path alonj Yy=mX (thfe m 1§ a cmséan%) :

lim _Sx? SIS R [N

—

(x19)- (0,0) 2x7’-+t,(mx-)"l X0 (2+4m*)X% X220 2t4m?

If m=0 , [fan 5 =

ol X0 2+4.(0)* 2 %
£ m=1 e = 89

— 7 %0 244.0)* W

Shee the limits slong diffrat psths yields diffeert

resulés , the limit does not exist overal|.

e —— s

WAHM;J‘LJ —_— —v—--'_“\\‘%_‘_.



Essentisl Formufas and Pr‘iﬂcf(o)&s of Limits
wWith Two Variables

Assume lim ,’\(er)"'L- and  |im ko"fﬂ) =
(x19)>(Xo,40) (x19) = (Xo,40)

For SNy constart a +he fa“owinj Pr;"nci‘olas hold :

<

i [ohowy] = a.lim  hy) =ap | [ceastert )

2 multole )
(3(:3)—-5()(9,39) (X'ﬂ)—a(xolﬂo) Eféﬂcéjlaf{’omuféff)k)

7N ”q()(,ujj)-r@( Y = Addition

o (xy)— (Ko;jo)L' E ] % (Sum) )
Jim [k[mg),k(x'- ) =1 (MUI'H lication

6 (le)'—ﬂ (X.D,p}jo) 5 J . (Pffcluc-{:) )

4 I |‘M M— - __L.‘_.. , BSSUMA 9 ( D(i%:fjoilea-e)

Gig)—> (xorgo) L(X1) - m#+0.

Conktinu l‘E:j

e e ettt

! A func":ipn of one variable SFMilarlg , ® furckion of
g f(x) s econtinvos at X=c if: two varisbles Fo) is
) a
| b

, continvws a+ (‘xc‘d") s
* f(e) is defired | £ o f(Xoyo) 15 defiped

I (x) exist

| X—-IQMC,AF X) exists £+ hm f(x;:j) exists
Lo i fEO=F) g

) =& J e I'm =

}I (X = (Xo:th)]c ()93) 'F (x"’ Jo )

(—? 22 i;:::nioinuau s)ég>(i;:j;.c) <f(x:g) is cm-&i/ldou?éié( ) p)b’)

at 6‘&30) 3 hold
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Ex. Let fhg)= X*ry2.
The funckion is continuous at evey point ,as it
satisfies  lim fxiy) = f (xorge) . For rstance,
(X‘L'D':D (onjD)
8t the point (0,0) *
f(o,o) =0+0%2=0 , lim (X%f-): o
(19> (0,0)

hece, 4he function is ceontinvous at evey point (xoija)
B R i Sl —aoan S SRR

B Llet h(a)= 2280 (for (uy)#(00) ) -
—— X “ty2

h(y) is not defined at Ehe point (0,0) and hacs
CJ"‘F’FH@'L‘ i i4s afproach:‘nj this peint from differert
P&ths g Ma’binj it  discentinuovs . For exwrle .

. -aloﬂ\‘j the line y=0 : Iy XQ"“__OIZ—J
T T

a|onj the line x-0: lim @’2,31 St
J»0  pty>
Theefere, the function IS discontinvovs at (@,0),
Wg"w..
ConkinvousS con be cﬂ}:‘,-f‘fflac) for‘ t he —Funcw':fons
J([b(l}j}%) as In ')C(K,«g) .
It Alse cen be defied for More thar three

Varisbles -
\/_\_-_\/’J\"M’M
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Uﬂcle_rs-{:aﬂding how a func%:’o/\ O']C two Varjables
changes ‘with resPec—{: to one varisble js often J'M)oocha/l-J:.
For example in physics , consider the height h

T e

o-E an objec% As & func%fon of horizontal distance

ICM,H.S Pastial Deriyatives
EFEREEY e ————— e ——— e ———

X and W}wb: -F(_ﬁ’lé..)
We wight analgze how e g changes with time

while heej)mﬁ distance c:ong.(:aq.{:J b how ik CASAJ@_?
with distance while lLeepmj £ime constant. T4y ¢

Jif ferertistion with respect o one vatiable , whike

{;x;ﬂﬁ Lhe others, s called partial differential |

and the resul'/:fnﬁ decivative IS lknown as a

?ar-l:ial derivative »
M
For one variable £ /(x) = lim f(x*ii)-—fm : ( &=f(x))

similerly ., Foc two verisbles
1?@}":'18 o?cer'n{&-);ivesl are ole,]fmf,ci 'OJ

B < £ (xg) = im £ )= Foum)  (2=f(uy))
5% AX AT e

AX=0

DEMY) _ e dim T 0rA8) - flay) _.
'—3{54* f B Ay->0 4y i (%Hf {W))

Bf (X!'_’J) . 3
a1 3 o e X1 JC(X )
Vebabiats 1§ 5~ = Bt :) o =Ty0m) =ty
tial = )= = P o — Vi
Pageraf\fa%fves Dx (f) =x X H Dj(f}— 23 2 %_%;.
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2X+ 3
E)ﬁ—' L et 'F(x'ﬂ) =B e . Xzﬂs- sr"n(x-.’zﬂ)-
Eind ‘f:)( and ‘Fﬂ
To find fx - take § constort and the

_FK = 1.@2x+33 + 9_)(33 — f.cos (X-‘Qﬂ.)

Similarly for fy ytake X constant -
_ ”F:j - 3-ei.x+3§j 5 3)‘\232 £ (*2)_505()(-—25)_
Hence |
’?x =2 62X+25 +2X33 — cos (x-zj) ’

—Ff) = Se‘zx+35 + 3)(23?“-'[- .Qcos(x—Z_v])__
_MM\—-I’“W_

Partial Derivstive O‘f N JMP];C,‘{ Enadisn

§ 2 3 L T .
Lt gt X U S e Ty

S e

2 = 02 = axeos (X*ry?) + (@2 +X° —'zx)
o OX ———— AN
J 3 :
consi der ' __(8'22'%80
yas a o
constart )
i % = 3y cos (Y + X2, ~ (292 + 22 2y)
(z i S N e A sl it T i

(S0
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T hen, @
OX cos (X%y®)+3x%2 =24 (—X3+ 2y*z +4)

2X cos (% 2\9 3)-} a8
=5 4 2y*2 +4

=3 —zx::

Similerly
332603(x2+3'3> —9_327- = 25(—— X31—232% —H)

N ey E?)t']’z'c:o's (x 2+}j 3) -2yg?
9 — X342y 2 +/

5\0Pe 6f & Torqent Line °

At a Poin-{: Po (Xo::]o,-Eo) on the Surjcace ole-'FfAecl L"j

oint
P Po ,\% curve Cy

2= ’f‘(mj) ) +the line +that is

—La/\:je,n-l: +o the Sur-Face and
'para\\e\ +o +the X%-—Plane

has 2 S'OJDE‘. of ‘fx(xo)&o)_ " -‘ Xo
In constrast , the '[:anJeA—E line X Uk
a+ P, that runs Para”el +o
the J%-—Plane has a sloFe

D-F ‘Fj (Xo;:jo) ’
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@

Hlsl(lef_”"or Cl@(' ?Qf‘l!?fal Der‘ |r\/a-éfué’,5

Let ==f(xw) -
The second-order partial derivetives are determined b\j

Txx = -a—li-l— g9 E) =i (Bf(X:5)>:(7[~x)x: fxx )

dx 2 g;( o X d X O X

> [af(x
29y = 92%:3—(3?—)';‘%(3 ;;”))"—‘(Fs)f?cw;

332 53 33
%% 8 e \_ B afki 8
23X O% dy T OX ( X bx( 3y >_ (ﬁ’)x _Fﬂx J
2
Bm BB B FL S ?Jffx'@): E
X\tf) abax a\kj (a)() aj( Y ({:Xlﬂ {Xj
INWIM

B - For %:‘F(er)z 2%* + 3)(332" 434 g ‘FI'AA

Txx fgg; ']:xg ) 7C¢jx at (1,-1).

. _ 0 2 2\

‘Fx g &)f&(éxw“?)(g )-—- 4‘1‘18ij
x40y = (4()+8(1)(-4)2) = 4+ 18 = 22,

O 0 o s e ¢ P 3 5
’nggjf—a—g .(;‘E)_%(éx y— 1oy )—6)( —48y?
{:33 (4/’1): 6-(4)3—'618(’4)2: Erflim g

-.:.a_._'F_z ::'-.-%—— L]X+9‘X22:18x2

Gl 33< 3) b
Poglni) = 18, AV = 3080
i L(sttﬁﬂic’ﬂg): {87{2‘3
Irdy — 9A
Faspsiye B =18,

'ij =



If the mixed secend-erder e ivsiines

‘FXS and -fdx ojc the funcbon ]C(x;gj are continvous
n a ollsk arovnd (Xo/j )/ + hea 'JCij (Xo,:] m;

5}

Let ;
Ex- fhy)=e siny + y*cosX .
‘Fx: exsfﬂ\j - \\jzsf/\x )

F& = eXCOS\lj +9_Uc:o\'sx ,

T hen ,
?xﬂ:(fX)ﬂ = i (exSfﬂ\lj_‘\'jz\SInAX)

=2 o M

fax =9)x = 5% e¥cosy+ 2y cosx ) | {x:)’“fax.

ax d i E
STl 0, o TR AT T - Wi
Let £(xay)= In(Xz+33)+cos(2x—'e,3).

Eind  fixy and Fux -
_2X_ 4 2. (~sin(ex- ea))

X -
it

x = X4y Eian
ey = /W’E/n*') 3u%0% i b oM easiavaadle
X5 e
Ty2 ,_%— + @9 sia(2x-€ %) ffﬂf@g
)_'33 2 X +Q€.3€ﬂ$’(ZX-83) é:__ : :

(Fo)x = G<"+:13J2
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70
f]f Lthe mixed 4hird-—order derivatives O
'Fx%:o; ‘E‘jx% /

—FXj% 4 ')CSZZX}

faxy
and 'FESX of 4 e -f\uncbcm f(xrjf%!)

are contiavous m a ball around (Xoxjo,%o> t hen

—y

’Fxg% (xoxdaz Zo ’)Cjax (X*O/&o;%a) f%\gjx (Xo;_v)o,%o> - |
m =

Xo/4o, 20 )= ‘Fg)( (Yo)jof%o)

- Let. flxyw)= X3Z%3+X+\j+2 ,

CDN\.PU":E Mf)(ﬁcl(é”) '&hlhfcl“O('cle!' cleff\fa'{“f\feé
( 'Fx: 4)(3(37-%3_’_ /{ (‘Fx)&:fx\\j: 8x33%3
{ fy= axiy2z® +54% ) (fx9)2= fxya hxy=’
i pp = ax'y?z’ +i02’

(‘Fx)% =Re m'f’(%ziz

. _ - 3
Foiu = fun = gx3yed = fyxe = 2i%7y2"”

= g~ 21 X 92

-

M

e s 3 2
(Fy)p = Fya =Xty = By 7207 92

R e

(WC%)X = ]C%,(-:: 1'7—)(3\\5227‘ =) f%xa = 9-4)(33 2*

b s AR B SN
f2)y= Ly = 12X 5%1 = 'F.sz_ ﬂiﬁrxs\‘jéz.

W——NM

Then ,

fry2 = Fxay= foxz = fuyex = Faxy =Feyx



@

ch .4 Tanjm-l: Plares | Af:‘)roxiﬂ\a{fons/Dl'ffef“en-(:fab{).'-{j

—

4"},6 Ca (o _.[-4
Togert_plane intersects)
the Surface only a€
POI'(I"C Po(XOIﬂQ;%CJ) »
P.o Taﬂa&'i‘ !J‘/le. T»-[
(_'7‘—<)Curu€,
. //// B
-—-!-3 ]a/{g_
,..- = __.//_.: T;(:"—Xo
cy and C2

2= f ) Be= T egie) s
PO (Xo)\'jﬂ; %O) = PO' (Xo; :jo}’j:‘(xo/\‘jo)) in e

IS @ svf’—fac;e_ cle-ﬁ'ne,c[ ’O\j 2:-f()(:3) w}{;[,\
derivatives fx and fy. At peint
me d l"j in{er'Sec—I:fAS S

SUPPOSQ S
continvous Par-l:ial

PQ(XonOJ%o) ) +he curves pr
e L X K and Y=Yo have ’Eaﬂ\jen{: lines

which determine a unique -\‘:aAjen-(; Plane
contains the 'f:anjen-n’:s Lo all smooth

with ?lane,
Tioand 184
at Po e “This P}Qn&
corves on O ):assing {:fnrw:)h B

Sl il e e e WSl el R el S )
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For a SUr’fac& %:-F(xfj) ) the ﬂcrua-&l'oa '070 i o
‘E?&f\\‘jeﬂ% Flaﬂé at PO'!/‘"E Po (xox‘jo,?:o) 1S

—_— ——— pa—

[2-20 = f g (et £y (rege) (32 -
To convert this 4o stmdvt form W
A= f, (%0190 ) »
R= fy(xer9e)
c= -1
D= 20— fx(Xeryo) Xo = fy (Xo140) Yo -
Thus, the stwndvt form becomes :

Py (xorgo) - X + fy(xege)-y —2 +D = O .
W

E}_&J Find 3n equation for the ":aAJemE plane o the Sur‘;@acre

z=elsiny ot the point PO(O/ 4)
2= f(er):e siny
= fx (x.g)- (e \smg) = exsmg ’
= fy(xy)= 2= ( siny) = € o8y 4
AL the Poink Po(o,,.m) ((Xwo L h 4))
=5 By oL e g R (T ) el B,
= .ﬂ‘-a(o)g>: 9°cos(1£)-..—,4.0:o.

gl ::]C)( .(Xfxo) T 'F‘j-(ﬂ‘l‘ﬂo)
=y B B =8 D*(ﬂ-—llr)
= g = X =Y

e et ™ e e,
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(ncremertal Rpproximation @
° [t was stated that Che ‘l?vjm-f' line 2o the curve

e

e >+ the point P(Xoige) is considered the best

[ocal aﬂoproxfma»h'm near P. lf £ 1S oh'ffefmfé;'alol.e_ Fa
X=%Xo and AX js sufficietly small , it can ke written as

Ay =f (RotAx) —f &) N f/(x0)-AX

o ‘F(X 'H-U() f (%o) +f’(xo)AX

T
° L_,L,ewlse, the Mae at P(X"/jo;%oz
best ft 4o the Surface 2={(xy),

recoamaecl as the
ineremental afxproxtma-hon —formu)a vsed .

aidh an analogous
1f flay) aadits putial derivatives fx ad fy ore
.g:le—fmeal aml c:on-kmuws at fP()ﬁo,\\jp) in an opan rej;on

+ hen
Af = £ (X0t 8%, Yo by )~ (rorge) % F Oorgo) AXHy (ergo)- Ay

£ (019 0) T (orge) AR+ £y (Rorge) By

0
£ (xot &%, YatBy) &

M

Total B,{fefewal
o y= 09, (= £00 80
-Fo( 2 (X@ A @.. -i dXx + _ﬁ- Jj (le)&)('fﬂj(x,ﬂ)e[

ﬁrmi_

_-E_,J,X*’_:E—-Aﬂ-faf diz
=
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’f]_(f-; Find the total oli—f]f@fm{:ia{ of the fmc‘cims :

3 2
h ij :eX—23 -)f\(3xz+2 3 P)
5]

dh = hxdx + hydy

x=2q% 2 ;% X
> dh=oxeWin(ragd te o’
X=24*

+[_456’<£Q‘32.1n(3?&2+233)+6’- ,,_@f_,'_[cid '

x?’..-z’j 2

z 2
3SX 123

di = b dx tkydyt o le
2% - 433clj -1‘5.2‘4&% X

D {f-FOMfia Hll"b\'j

ts ncremert

£ “jgjfcx) is Ai'f"fere/m%i’ablc, at peint Xe 54

s determined bj
Ay = FOerbx)-fe) = £/(xo) AX + € AX .

Here , £—>0 as AX—0. 5l'Mffaf[j 4

‘fhe, ‘FJAC-HOHZ-‘-RX@) 1S cli‘f:-fqm-l:iable, at ‘Pol'n'{‘ (Xofdn)

if the incremeat of f e be writtea a$

Az= -Fx (XO;kljo}_ﬁx 2 'Fa (Xm\'jo)A\'j + 6;AX+€2A5 ;
We ; £,30 snd €2 =30 88 AX-20 and Ay—0.
Moreover , F(xy) IS considered differertiable in a region R

of the plone i it i differertiable at evey POPI% in R.



Let @

X
E__)_(__: F(ij;%)ze 3%_1{13 . i ﬁ;@@v_

‘Fx: 32.exﬂ%. lt’)\j

Fy = X2 e8Iy + 7. L

2 = X5 exd%}ﬂ3 :

For fy » consider y=const., z=rconst -

’Fﬂf’ ,Fj ¥ consider X:COOS‘,’:.JE-_-CQAS{‘-_)

.Fo;— ’Fz—f) considec X=econst. ) \Ej:cons-k-

— e e e =4 = R
e i — —
i Bt e A R e TR e s

We. Ae-{j{nec\, the C“ffefm‘&f’&‘{ dx Afera function
as an indeferdent variable , so

: iable w=F(x)
O—F one Vera U 'F lve . Then the ch"ffefen—(:ial

dx can be given 31y real Va

d -::-—F"(_X)cl-x "
J curvye

+argent e
Py Fixe) # £x0) (x-xo)

‘ |

. o
Oo0 Xo XotAX

Figure shows +the r&la%:‘onsh;‘p be tween
+he i(ncrement &U and +he of\'f.me.[:.’a[cLU‘
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For & c:lf-f.fbfé/l'(:fab)e fmc tlon 2= ]C(x;j), @
we define dhe eliffe.rren—!:fds dx and dy os J‘AOIeFmAF/J%
Variables . Herce , they can be given any valves.

f lig A,fffefg/\-’;fa} dz , alse colled Lotal A;’f{efeméfaa!
1S Siuen by
dz = fy (xiy) dx+ fy (xry) dy

= :::._ai o2
=) reg= e 4K —39*‘45

Sometimes +he notation df is used instead of dz.
If dx= AX = X-& and dy=A0y=y-b are talken |
the dif ferential of 2z s determned by

dz = £x(3/b) (x—8) t £y (3/b) (95 ) -
Thus , the linear approximation
Flxy) % floib)+ fy(ab) (x-3) M‘j (o1b) (9—=b)
with oliffereﬁ-éaal Fef[’esm%a—éaoa is described by
Flx,y) ® flap) td2.

rFace EZ’F(KJ:}
p & éf-———)(amx,bmg, f’(amx,bmg))
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gui Chain Rules @

C hain Rule fof One Parameter

Consider d c\i-ffe,re/\'kiab’& function -F(X,y). I£ X=x(t)
and ﬂ:g(—t) Are -fmc,-l:ions of the parameter € , then

%::-f()(({*)/g(f)> is a com]oosiff:e funetion .

The chain rule jCOF its derivative with respect fo t

states -

]_JC {(x;:j) 15 ch'f-Ferm-kialole. and X(t) and Y(£) are
oLi-F-fereA%iahle jq;nc-[:fons of t, then 2=fly) is Olfff‘fefwt’:fable
int, and the derivative is givea by

dz _ %2 dx 4 02 . dy .

dt oX dt oy dt

T he three c:liajram r‘e'ores.en-l;s

ey WO B . , r
a":,/ \?9 [ +the chain rule | s’f:af-éma Wit h
% Y the Aefemleq{- variable 2 at the
%Jjﬂ:l l%_‘_{i_ -4:0]0 and branc ’/1;/13 to inclePenclen-&
= . Variables X and Yy, which clePenc)
on Parame-f:er t. Tach Sejmm-{;

ﬁﬁlﬁil feu;ec\ia f;am is labeled with a decivative .
o The chain rule derived b\j MU“:r'p(\tji/lj

R S S P T ST N

+4he derivatives aloa\_c) each branch and svmming —éhemJ
leading to = 7 | i

edding 0 i d= _ _a_a_‘gl_x_bjﬁ’_a_;_,.—éi
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D

ex. (From f{:e,x%looa{b>:

I

Eind the _S;lf&o]o the line that is parallel to the

xz-plete a1d dangent to the surface 2=x\xiy
at the point P(1,3,2).

f(xi9)= x(xw)”?- =y ‘Fx (413) =7
'FX(X{‘_’])-— i (X-}")j_)”?' o S

(X-J-\j_)f}’z.
x(;d) S + \xty
.:> —F?‘-Offs): ,f_\r—*’— i .2__
2@) (1)+(3) /

S SRR SR L e £ L I T S

_EL' Let ==0x*=3y% whee xF tzfﬂzfg.
Compyte dz  with :
dt

a) bﬂ f;rs-E e,XPf"e,SS;na Z e)(flhcl—”ﬂ in terms O]C-é
k) by using £he chain cule .

@) By writig Xx=+7%, 3,_‘_3 (t+o)

i
=) 2=2%x-3y3 = z(t?)z_:e,(,i.f: giko 2
Y 13 v
d2 o g3+ 22
) s ¥ 10
B 3ieux s 009t ook A8
_y d2 _d= dx, 3= dy
I akcdE e i :
s & o A
= 4%X-2t + (91)- -———-) <X-— 7Y e
o, +3
= 2+ (NG = ses 423



D,

Ex - What velue O]C c Mmakes the 'fo“OWfdj "Func’b'c/l

——

contipvous At (0,0)?

ﬂw):E—’ﬁ?—"— it (o) # (00)

Xz¢31¢4

c if (X;j): (0,0)
since
when x—20,Y—>0 =d> X4yt —0 (xi—ao,gz-—;o)
The/\} h'M __Xz_'rﬂ__?—_ = -—Q—- — O .
o -
(xiy)2(00)

For the function o be contitvovs ot (0,0) , the valve
O‘]C £(0,0) , olcel iy &y MuSE ac,ual the [imit we j—ujt—

colevleted . So, ==0x That is ,

, lin FBw)= floye) = <
CX:j)—b(O,o) g Siner
w
= 0 = 0

N—WM
5

€ Let 2= 1Y —SX® ! Find 2y and Zy.
Y544

t rule g where U:X\tjs—sx_l/ _V—_—th.,,,{;

USfﬂﬁ the 0{06'&"6“
P
e V-0 B (o) -bgare

Ty = %—:‘:’i = 08X
2
WS- Jox 5 W
i) Mamr = .
oV ,V--U..%E/_ 5)@4’(3%4)_(&55_5)@.)25‘

!

s

U
|
<l

\
&

v® i TR

T T e T L
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TO af)aolj 'Ehe Cl/lai'ﬂ FU!& }(Of a 'I(UAC—&I‘O/L ‘F()‘-Jj)%)
of three variables dependert on three parameters .
0, VW

o EXPrg,SS X14,2 &S ]C’unc.%:fons O-F SPAVIRVV
x=x(Vvw) s 9=9lyw), z=20vw) .
¢ The total desivatives are jfvm b\j

_f_ of ox of 2y  2f B2,

dv ax au 6\3 au oz ovuU
of ax , of g e, B

av = X ¥y X av Yy

_E- __i 8)( '_£ bﬂ i B’a "
3Y W 65 Buu >z Erw

WNM‘M

s Let flxiy,2)= sin (X'U) +e” +ln (x+2 7
an& i. Here) X= U'1+V/ \Ej =SINW ; Zz‘:e‘."i‘ V 2.
@ 5y | _ |

0 29X =

’B’E 5608(x$)+x+% : oV i

ﬁ: XCDS(Xj) ) .a__fi.:o/

2y o

Ef-—- = e,% : LR @—?’-_" = 2v.

o2 sre fo Ay

Bf A (%_4#
f__>____ 3cos(X5)+X+%+ yie e
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ol )

‘F(xf:j;%)
o )
¥ oL
a0
X 3 =2
oxX 0X o4 Y _9__8_7/% o
<Jo T 0 30/ 0
W AN N Y N\
U V wh U] W) fw) UV w

— hain Rvule (qu-HL tree Al‘ajram)
of three variakles (x1y9)2) with three parameters (U w).

-___’_‘_—"___‘_,_,.’-—'_‘-‘_r-/—_‘-—'-/—-_ . a

{m‘o\ici«f Fone tion Thegrem *
Jet F be 2 func—(:-‘m clefFr'né’/cl on a dige containing (3,%),
e

1k Flab) =0 £ Fx and Fy are continvous in the
i % 3 (;3 (3/v) #+ O , Ahen *here exists an interval T
Ars N

5 and @ unique function \\j::j(X) Aef:‘ne,cl on I
arou:ih + 3(a):b and F(x,900)=0 fer all xeT.
Sve e

The derivative of y(x) is c\e‘ter'mine,al by
e

I,

M
ex. | cos(xty)—sin(x-y)=X, where 9 8 a differentiable
-.-."‘-"-.-—- AT S |

e R f*ad%
F(xiy) = cos(xty) —sin (x=g)—X

= =S —cos(x-g)—1

= Fp = sin(x+ty) —co

B s R N
=) ﬁolg -—sin(x*rgj—cosfxﬂ-j)—J - ;-_Siﬂ(x+3)+C05(fo_)+{gl
= ‘.Ix_: = —sin(xt+y ) t CDSCK"'_"D ,:;;_*___M_—__.sfn(_gc_g )-fcos(x-;j ﬁé
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{02
Chﬂ-—-@’ Dlreo'l:ional Dﬁ"iVa{,‘\{gs and {heM

— e ——
——

The Directional Derivative

The directional decivative exterds the concept of
slope from curves to surfaces.

For a sSurface 2 =4(xy) , the slor:e, ata Pm‘n{-
Po(xo,yo) depends on the direction of meassvrement
which (s slaecif;’e,d u.sfnj vectors. The slope paralle ! o
Wie X%-'P|’é‘“@ is given by the partial derivative {x(deo))
aihile {3(;(0,39) gives the slope in'the Yz-plase .

For an arbitracy direction , the slope is Gas e using @

— e
ot vector (= Uit tUo g = < Y, Ua 2>

=== 22 (X1Y) * surface

= T g G
o TS PSZSI >
' 75 > T4 engent line
& :curve

The directional dervative of a function _i; st Polxo,90 )
: ' | = == e
in the direc tion o-{: a2 unit vector = 01 *’Ua‘j‘ i

defined 3s Tt i S et S
‘ i(xm—h.u, ,301*]/\.1)2)_{:()(0}‘%) ]

Py f Cowged= i h

oS lon3 as the wh’m;."é exists.
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A'f the Pafﬂ{’ Po(-xaz\jo)) there are in fm'—éeB Ma/]j
directiona| derivatives ’JCOF the sur‘face a:f(x,j)_

The partisl derivatives fx (Koyge) and £y (%o,y0) represort
+he derivatives 1 the x-direction and y- ohr‘ec{-;onJ

res?eo»twe:j Specnf,callj ‘fx 'S ob-tamecl W hen s
15 along P , and fy s obtained when Ui along ;r)

If £ (xy) is clvf{eren%aab(e, at Po Xepye), the
alnre,ctmna\ &ern{a{:;ve in the direction of the vait
Vector 0= Uy T+ Uz J- is determined by

6" 'f' [Xo!do) = -Fx(Xof\'jo) U +7C3 (Xo;jo) Ug |-
W

EX- Eind the directionsl derivative O'IC
=
(X:ﬂ) 5"")(. 43
at Q(g, 4) N —H/le, direction o{ +the Unt vector V——é—z,)-hi?.
37(005) = 2% _‘:'> 3)( (2;1)2 2(2) 3 ﬁf 3
9y (xiy)=-89 =D Yy (a4 )= =B.0)=~8 3
=) va 9(2,1) = 9Ix(2,1)-v) +33(7—14)'Vz

= 4 (3)+ 0 (%)
e Bl nBN2
S 5

WW



To¢

T he Gradient
e e

The Jdirectional derivative DU'FO(M) can be QKPIBSSQ.CJ
Using the gradient of & differentiable function £ with
?ar%fal derivatives ’fx and fy as

!ﬁ (xi9) = fx (X/9) 7+ fy (Kfj)_;) ? fv: “el 2

At Po (Xo;jo) ) +the jracift?/l-{— ITSF F‘BFFESM'IEEQI bﬂ Vfo 3

{ Of = grad ()
S T St b T T e e = S e e e el
EX - Eind V-f—‘(xl:j) -Fo(‘ '(:)’ke, ’f\J/\c{:l'D/l 'f()(@): _}_ﬁﬂ_&—— 4

f
4%ty *

USfij the C}Uotfenf: rule :
_ B3y (1 *ry) = (ax) (x9?)

(X.l

'FX j) ('['*'Xz"l':j 1)2

= = x1&1[3(4+7\2+ﬂ1) s 2)(2]_"
> & (x'j) : U—kx?—r&l)’z

Aoy 3rX*+ 3y2) ,  and

e ’FX (x,j)t -—--"'( X Ty 2) 2

£y (xi9)= (2%3y) (1+x21y?) — (x394*) (2
(Hxlwi)’*
BRE RO R e P
(4+x'1+32)"~ | (H x"wl)a. ;

“Then, LRl ) of by )T

VE Qo )= Fx (X g (xiy) 7
=y Tfxy)= XY (XY ?Jr 2xMy (4tx?) 2
(14x*4y2) * (lexTiy2)? J
W—NJ\/\'—\’_‘
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10S
The dire ctional derivative o—f a dirf{&f@/lﬁ@b/&

\Cuna»{t{on -f at the Pofﬂ'li Po (x0:90) in the direction of the

onit veckor _(? s determined [oj
_________,______.-/—-—-——-"——-—-————"_‘_‘——“__‘—__,_7

HD*G? ]C(XOMO) = Vf(xo,go) e U Ly

where Vf (xo01ge) is the 3raalien+ of f at Po.

0 By W g S T n
G e Ryl T] - (0 T v2F)
—_ »Fx (Xo:jo) Uy ‘f“’fﬂ (Xcg\\jo)uz .

€. Find the olire,c'{:fona\ derivative of the fuaction

s S(Xif)) " eX ﬂﬂ at the PD‘“'L’ Q, (2/4) in the direction
o‘]C the vector W= '31 +lfj‘
X +}j ( .)“f‘( )3 o8
ax (xy) = 2X.& => 9. (24)=2.(2)6 =4e ,
X'z-f\\j:S : [2)+()3

By gy = 4 => 9y (24)=3(1)e

=)
= -Nglal )7 465?+3655 =K 4 E e #

2 cayy = Iwll= s =5.

—
Pl o K2y s Thell s

— 5

< Jlwll
Vnik Dy 9(21) = Va(2,4) + O
vec tor i 5
i the direction e & he 3e™ p <-~/

=)
il = 4€5~-:§- papv b 24:9.5
S S S $

A, e i T
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i
e O
ex. Let fluy)= E_/.‘ﬁ— if Y #
h()(:d) I'r— x-y=0 -
Find the fuiction h(xiy) svch that f(xiy) is
continuovs at all points in +the Plane,
3 3
The fanc-{:r"pn flxiy) = _%:L;—— for XF+Y -
X2 y3 = (x=4) (x*txy+y?) - Using this factoriza&ion
f(’“j) (,_5)0{?-,”: + 1> = X 'I’)ij‘f‘j ]Cof‘ X#\_‘j,

&Y
=y Lim Flay ) = ]\M O( fXj%jl) (3) %+ (v)- A+ 3 -—Bj
XY -y

Mfms T he _f\mctfm -f(x.j) continyoud e\rer\guuhe,,e
é){-—ﬂ-—-})()i l-F we ole,fme, h(le) SJ

T hee fore the mal form 1S de,fernmnecl by

ry2 yf X¥F
fly) = ZX*XJCJ rf 7&3‘

N ;
Cx Lgd o= 2()(:3) be a continvous anc_v{::‘oA o-f X and
_/’:-'—

3
Y fmpl{o{{:\j cl@szne,cl loJ Vi +Y %2+X33%3=6 {
Find 3% , where i€ IS ale.—fu‘ne_ol,

[x zryd 225y %3>=@“(6)
3
2 (e 2 (e (e =0
: 3
= (;& B%) (3y-2%+ 9% 2%@3%_) (X328 + 3922 32—

= A g 8-2:”-31% xz.}_-‘:
=) 5‘% (x +23z+3><:4%) 3432-x3% = v

Xer2y3 243 X3y 22
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€x - Find the 6?\191‘:1‘0/1 DrF the p[ane ’Eaﬂjm-{: to the
=he
surface 2= 4=3x*ty3 at the point (xiy)=(2,4).
The general form of the equation of & taagent plane
+to the surface z=f(xy) at the point (xo;9o,20) is

given bj
2—%o :‘Fx(x"{‘jO) ("“’X‘O‘r’ﬁj (Xo)ja) (5’30) p)

where £ and fy are the partial deryatives of fCxy) -
)= S (4-3x*+y32) = —6X ,
£x (x9) % (ﬂr 3%
=) —FXCQ.M)::- -—-6.(2) . (Xo;:jgy%ﬂ)
_3x%+42) = Y2 :
Fy ug) = 25 (43P = 397 (2,4,=7)
2
LW NI A e
2 S =
o aplad) s )T YT E
’Theﬁ equation © 'H’fe +an eA'{: p}ane 1S AE,‘{:EJWI!'K!EC! b\\j
2_..('_.:}) = --4’1()(“2)“’3(3"{)

s S —fzx k24 T332

~{2 +4 =W

us Hax =3y 5 li=0]
M

b L e s S e n e
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EE;__ CQG\S{AQ(— ’th& ‘FV’HC‘{:I‘O(‘\ (5()(;.3) — ,(\ (xj\j:l) i

w here m andw. ComFu—l:e,fBaG ) using
v "
+ he MJ where the partial derivefive exists.

X BUY,

&
4 S
hce
b4 V& . =
- S — % N ;;[-—g' X':-Ua\//\‘j-’u\"
ov uv prR s N
JU U 9]
e
i DU )

N FiCE o above rfunCHOﬂ.
E‘f/ Find . fr

WN-WL
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09,
Ex . Le-[: 'F(Xfl‘j): X’{_\jz) a(]el ]e-E 'tlﬂe PO[/]'E P:(2/3).

g

Calevlate the w O'f‘f ot P
in the direction of the vecter V= 47-337.

T he 9radient U‘F £ is determined by
= _f_
Vf = & 3'];- y —E%- > = ff— v+

= Vf = <3x%y*, 2%y >

= V£(2,2) =<3 (2)2 ()%, 2.(2)> ()
—s Tp(2,3)= < {08, 48

70 = (et = {16+ =V25 =5.

The unt vector 1S 3%»‘@/} by

—

L \V ’"é_é}_—g?_:<_§f___/___3__>.
9

U =0 &
VAl 5 5
Thea derec Lions) derivative is described ]o\tj
Dpf = Vf eV
o> Dy = <ok, 48> P <L ED

= DF?’F: —é—» + 43 (—5>
R A
& S

= A directiona) derivative D~F -F
::”> DU i ) ape (2 3)
J ']



EX: - :
IR -[é e’ MEini bave. off whige oy e
fur\c—klon 3()(15)—_: ><(‘+3X3?-+9_33 i e pr/l-!:
© (4,2) » and ideatify the direcEion in which

£his Mmaximum rate oeccurs.
The gradient V3 rs described by

= 0 ) dient +o
VS-<.£Z./_§3> (3&9 jent vec r‘)

o, eyt PR s

The 3raAiM{: c—;,_i: QC1 ,2) .
Vglity) = <4 3R) ClOERIEE(2)F >
S Pyl = S 18

The Maximum rate o change of the function at a
point is given by the magnitucle Of the graclfen{— vector:

) VgU;Z)H = \]_467—4—362' = 256+
=5 1| 3 w2 || = A CESR _%-\9,3:, (maxfmm rate of chanﬁe)

The Mof Lthe maximum rate of chanae IS
given by the unit vector in the direction o-f Vali)2):
—J*): Va(4,2) 5 5_’16,36>
w9 (1,2) | 4\{7?_-

25 U = < = M —;—_9—: > (Jirec%ioﬂ)

1296 = {1552

Vo7 {97
R e i M L N

\WWM
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6){ P _Find ‘tl/le 80'031(:]0(\ O]C —f:)/ze, ta”jedf Pfane @
‘to the Sur‘face clejcme,cl bjj

(X!j,'i.’-) = SN '1”9_\52_.2_ 5 = e
at the Poiﬂ-& (1,2,4) -

vh = < 3t aag ,%%> =< 6X,4y,-17-

o WH(2m) = < 6.(), 4(2), 1> =<6,8,-1>.
Then, the equation o»]C the tangent plane at a
point (Xo,90,20) 1S gives by
A (‘XPXOJ Yy=Yo,2-20 > =0
=> VH(4JZ/L{>°<X-—4/ y-2, 2-4> =0
=) <6,8,——47°<x—4,5~2/2-4>_—_
i e ) + Bl Rt B R
=3 ex~6+85.-16—-%+4:—o
=5 M - (tangent plane equation)

MMM
gyl Solve the above , £aleing
—

}:(XI}jJ%>:’-— 9_)(2'__332 ¥yY£2 =0
at (-1,8,5)-

Wm\m
——-\-—_'A\"'\/—‘
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112

The chain ruvle can ke ysed +o obtaiy, a More
comp[e{e ole,sCriP%l'on orf the (o lieit o!iffare/‘!-b:'a'lzfan
method .

SU\oPoSe, that an equation F(x;j)zo defined Y
38 an IPMPI!‘OI"L c!F—FfefeAt{abfa ﬁmc_{—u‘on of x, that s
Yy=Fx) =nd for all x in the demain of £, Fix; fea)=0.
If F s differentiable we car vse chain rule +o
differerial both sides of the equation F(x;y)=0
with respect to X.Sice both x and y are fwetions

X dX Y dx
£ dy 20 then SX L. So, seling for 29 we ge+
e XaF
d = ___g__.i‘___, Lo o :
dx 2F Ey

Svppose that en eo’ua-}:fon FCXI:j)’}:(Xlg').)ZO
definesS Z implicitly 3S %:FFer). T his ‘mP\,'e& +that
’F—(x,\j,f(x.gj) =0 —For all (x"::j) in the cloma“:\.of NF
If F and £ are dif feren Eiable , we can ‘J‘F]CUEA—U:Q%@,
the e,o?ua‘l:ion F(X;3,2)=O US'(}‘j the chain rule :

z

However ,

2 o=t and 2 fe)= O,



then Ty

oOX o2 oX

If BF =FO , we obtain

BF’
a_a - oK% i F;( |
OX dF Fa
02
SIMI\W— l:j ) we hava
c TN R T
. 2 Fa
>

W
nd 92 il 3‘—2-

' bpwbg el s Sxyp =2 i Piud - 22 >2
b e R 2 %

F%__ s e 4X3~33a :
3

‘3.% /,:ﬁ_ﬂﬂ__,f'j ~3Xz |

B9 T Fe | 42-3xy

W here F(K;g;%): x4+3”+%4—-3xj%—2 .
o FERR i e R e i el e

ex. Let XS#X233% +X5?‘E3 :x5%+{.
o
Find 2% and =
I X E}:j
W‘%—



For & function of three varigbles f(xiy)=)
the 3racl{en4: dero ted b\‘j V+ or gred £ js a vector

VE (ay)2) = fix (X*31%>/JC3 (xiyy2), faloy,2) >
or brief fj

S

?—V/f <fx;f:1,fa> s lrph iﬁ?:&f{
dy o2

As a resvlE . as in -FuAc{—:'ons of two variables , Lhe

directional derivatives o-f three variables (s \jfven bj
@G‘" Flayz) = V]O(iji%> « 0|

@ Let 'f()(iﬂ,%):: 2.5in(Xy ).

&) Find VT,
b) Find <he elu‘ec.ﬂ(::oaal O‘f "f: at (1}2x0) i the ol:’/‘ecb'lo/l

5 W= <’szf5/f2> = < Y2 cos(xy)  xe cos(xy),

-Sff)()(ﬂ)>
b) V'f ({;’2/0) = < (2).(0)-cos (LQJJ ({)-(o).cQ3(1_2> ,Sin (4_2) >
V’f (4,2,0):< 0,0 5l > gSff\Q’,}j 0_9%
e, 00y e
D": ___7; SAIB 7 1 2 {

2DDp F(2,0) = VF(1,2,0) U =<o0,00. D/ <~—~;—— /-———>

_> D-——»—F(‘I,Q_,o) ——j-o\r; | = 42‘!_; .
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ISome Pfﬁf’ef‘l:fes O—f‘ the Gradient f s

W

J_E’,’t h and le be- c[iffefe/\')(:fa'ole 'Funa-(:,'ons’ Tl’lé,/l
: . . "

. Ye=0 , Yeelk (cemtat)

‘j_____’.-—\.___,./"-\—r

. V(ain-k bk) —:th thb. Vi , V3 ber (h‘ne_am‘t:j)

" V( ) (Vh)l’- h(wil. (quobm-&)

M_ (Poyer)

Proof O‘F power rvle °
7 (") = (h"), it (h )5 7
:hhn_ hxt'l'ﬂ}"lnf'haj

& nh“"(hx1+h3:r)
= V(hn = nhnf!' (Vh>'

Proof O'E constant rule, :
e = (C)x i+ (C>3 J'
0. 'L + 0. j

=W By o 7 (%ero vector 1n IR2>

= 2
:.:._> Vc = O 1N IR’Z-
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11¢
The Maximal lora]o(f(:j of the Gradvent states

that the gre atest rate of change of a furction
at a Pof/l*l: occursS in ~the Jirection O-F the 3raAFe/l"l:.
The che,eloesw‘: degscent is inthe opposite direc tion
O‘F +the 3racl{an'(: « For example, 5 if 2= ’FCXI‘ﬂ) re\oredenfés
+he he{ah—lz o—F a MOun-kafA/ & hiler’s \S-l:ee,’oe,.st

ik mieA {o]]ows the direction opposite -teo Vf(x,ﬂ)_

YN = -Eeeloes o

SuUrTace
D = (le)

/' , ‘ A4
if/:7fo = Vf(xo,9e )

’ Po (xo1ye)

NMegn{4ude of Mapn itude of
S&ee?es‘.{; asceat | = 5.{220‘0654; Tewcant | = | 77%“
targert vector targenk vector

—

Maxina) Direction Pfof’ef'l:j O'f the Gradieant
If f is @ Au’f—ferm%iable, at Po and Vfo 0, then :
«f..) The |arj£5'|: valve of the directional derivative Dpf
at Po is || Vfell eceyring when 0 alisns with Gl
(i) The smallest valve of Dpf at Po is — || Vfol .
occurfns w hen ?alfaﬂs with — Vfo -
St S e e S S e s A
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g&_ In what direction iy the f\/nc{,—n‘on deﬁ%ed b\-j

I(xy) = 2Xyt+y3—g3x*? incre,asi‘a\a most rapidly

at +he Pom-}; M, and what s the maxinum

we ? In what direction is jw

MosSt (‘af)zcllj

Vg = =5
9 <8X}85> < X/?Qj >

=> V3:<23—~6X}9_X"¥3ﬂl>

Vo (1,2) =<2.@-€01),2()+3(2)*>=<4-6,2H27
& =20l } direc tion Of the ;

Mmaxmuvm increale

=> Vq(12) =
Ny(12)|] = ((2)2+(1a)2 =g +196 = {200 X 14.14

Maximua ra-&a)
of jncrease )

— Vylyz)=S2,-14 2
S olsrecfl:mn of

M axmum decrease

I SRS

The maximal direction property of the gradieat

indicates that at s point Py ,the fuf;c-lrl'on £
increases most r&?iAl\j in the direction of +he gradient

Vo and Aejrea:;es most rapidly in the OfP"S’r'&e'
dire ction , =V, -

MW\‘__\_‘
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“The CO“C’@P%S 0—]: directional derivatives asd ak:

Sre;o“e/]{:s e xteads +o funa{—ims of three or more
Voriables . For f(xiyj2) the gradieat is defined as

; -_ — —
VE=dxi +7y 7 +falk .
snd the directional derivative DPf at Po (XOxjo,ao)
. A —
in the direction o'f it vector U IS
A~ o 1.
The Frofer-ﬁie& o—f +he 3raoh'e/1% and the maximal
dire ction property remasin valid for higher -clinensionsl

Mmﬂ_w—a

E};_ Let ‘Fﬁ(l\‘j}%): X.?:j o8

@Y Find the gradient Vf at the peint Po(z/,—b%).

b) compyte the Jdirectionsl decivative o at Po

— - —y
inthe drection o'f +the vec tor W

8 7t =< fx 8y fa> = Ctrgeoss, emse, Xysinz >
Ufo= <2()(eos T, 2)cos T, ~@*(-0-sn T >

Vho= < =4- L s bt g e 8

2 2.

VE= < ~2,8, 208 5
W

.__‘)
b)-- a?,: e e __<_1/"2/4>__=<_i_,_.2-_;__‘l__>(uni‘£
V) 124 (-2)%+ 12 3 V6 Vg Ve ctor

R Nk

=) D—a = Vfo'?: <"‘2)2)2\F3->‘ TZ—/ _\@_/VZ>

= o = = 1 ' "_-2_. ‘_{__,_,..'—é _
>0 = (Do v @ + 2 e ._%5.
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The Nomal pfOPEf‘!’:j 010 the Gradieat indicates —Hq:@
i—f S is a level svrfa:::e defined b\\j -F(x,g,%):(: (C rs
any constort), then at any point Po(Xoyyo,20) 01 S,
the gre dient Vo is normal (or-H/mJMBID de the targert

p\ane at Po'
That (s P -the \3|‘aci|'e/1{— V’Fo at each PDI‘-’I‘I‘: Po

on the SU{‘-Fac:e flayiz)=C s or%hojoﬂa} to the -f:aaj@q+

feetor T =.4T. ~of any curve @) on the surfsce

1 oS

f,)a:ssmﬁ ‘througth Po - All -taﬂje/l-k vectors lie in a jalane,
—>

—tlnroua‘n p, with the nomsl vector N =Vf, whic h

defines the €argent plane ot Po .

no/mal vector

(FAZAL
z ii%;‘?i SO 7
e='--.=v'_‘-» Z (_' ey e | surfacz
v : del =nabla
S T———) \j OPE‘J‘B"EOI‘

Firnd 3 vector that is normal to the level SUI']Cace,
defined by X*-3y* +4y=z r22=10 at Po(2,1,1).

Vi =Pty ifer 2500 TRl BB A R e
Vio =< 2(2) —e(D+h-(4) , 4-(DF 2(1)>=<4,~2,6>.

i

— T\?"—: Vfo =< 472,6 > [homal )

g ve ctor
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2-__‘_‘*-.
Normal Lire and TMJEA'I(S Blaus il Bnlas @

Normal lines and the targert planes o a surface

extend the conce'o-{”s -from IRZ +o IR3. For a SUr»face S

with a normal vector T\Ja at Pai‘n{‘: Fo 5 the nomal line is
—

+the line %hroujh P, with normal vector N

If the suwr{ace S has a nonzero no/mal vector Kf
at P , then :
.__..'.>
— The line ‘EhFOUj\n Fo ?"8(6”9' to N I.S "Hde, nofmal I,’/)e

Lo St - Pos %
— The plane through Po with nomal vector N s the

Ma to S at Po.

Let S he & surface defined by the equation F(xy2)=C,
and let Po (Xo)Yo,20) be a ?oia—b on S where F is

Aif feren tiable and YF #0. Then .

FX (xofdﬁ)%O) . (X-'Xo)’i' F\‘J (%o, UC’}%O) (U"ﬂo) - 5 Fi(Xo;“joJ%o) (-}3-20) =) ﬂ
Cr(:fy.&mt Plau\e ejua%fon at Po>

and

normal line
pyametrie equ ations

a’L’ Po.




G20

E)ﬁﬁ Find +the equah‘oas ]Cof the %Mjen*{' elane and the

normal \ne to the surface, cle—f;‘neal by the )ofarabofo;'af
2= )Q2-|-\\jz' at the Pofn'{' where X=2 /j=3 .

2z ot the pofﬂ{' (2,8) 3
2= 2%43%= 419 =13 .

Flxwyy2)= 2 -X=y* - (We set Flxiy2)=0 fof Fa’"abo}mg)

ge=< By, By, Fey 2<-2%,~2y,1 72

VF(Q_),S/”S_) =V = <‘2(2)/“2(3)/'{> =<~4,—6,1>.

The equation of the tngert plade :

FX (Xo;\‘jo, %o) (X"XO)"' F:qj (Ko;jq?-o)(ﬂ"ﬂo)’l’ Fz(Xo,jo)eo)(g-——Z—o) =. )
=) s I el P e R St N
=5 ERTE S -6y +18 + 2=13 = O
=) —é,)(-—G\tj‘f'% A8 = o i standart —forM-‘

I 1.5 ST SRR

Parametric ea,ua{io/xs of the normal line :

i WP N W

V= Yo+ F, Mooy £ = & —4£§.
Y = Yot Fy (eyo,2)- £ = 3-6€
2= 2T Fz CXOI&OJEO).’L‘ = S+t

X=2-4t , y= 3-6€ , 2 = 13+ L .

_’"> WW_.N%

WM B NI SR
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f’iﬁ Extrema o]c Functions of Two Yariable s

Absdite extrews refer to the highest and lowest
Values a ‘Funcfian can talee In its domsin . A Lo ‘o
has an absa!u-te_ M.ang_uM at (xo1ye) If

> f(xerge) > f (xiy))]
for all Pom'frs (x:g;) in the demain Slm;l&f’j, it has an
‘\ciosofute anix_nqufa% (Xergye) if

for all peints In the demain .

— —— T — ______,_.—.._——————.——»——'————'__—"-—-’—"‘"—'—‘___‘______

, - :
Qe\a'l:we. ex'(:rema O Cccur uu'hen 3 ]CWIC{IOA Feac{neg o
MBXIMUM OF WIAIMUM valve within a spe&pf‘.c re\ﬂlm
A funckion has & relahve Mangum ‘ot (Xo,yo) if

—"‘ g

[F6) < F0oye)]

for all points (xiy) in & Surrounding open disk . |+ has a

‘?(le) 'F(Xo,\‘j )

,F

in the same re—\'jlofl . Together these are called relative extrem

Relative extrema dre fewnd whee f/(x)=0 or
((x) does not exist for one— —variable fuctions .

SlM]lV[J -Far‘ two-—variables -

If a fnction Z= £(xy) has a relotive extremum
(max or MiIN. ) at Po (XO;jo) and ’FX. and ‘F\'ﬁ exiit at £,

then fx (xerge) = fy (Xerya) =0 .
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A ccitica) Pol"n—l: D)C | f\/ftctim 'f()(:g) def{/)e,cl
on an o,’_)en set D 1§ a Pﬂl"/l‘{' (Xo;jo) N D uuhe_re one 0{
+ he follow Mﬁ conditions holds :

e -}:x (Xo;:jo) -—'_—‘F\lj CXo;jo) = 0
— At lesst 7[3( or -th does not exist on (onﬁ.c:)-

TX - Pmalj%e, the eritrcal Pofn% (0,0) ‘fof the fol]owi/ij
.--""-‘.’-‘
quadric surfeces :

V) madi’rmy®,
B) |Erakt eyt =4
3) = = e X Al
Then determine +he natvre O'f the critical Po;q{.

For each SUrface .

& A= snent . hyperboli e
5 ?}D{a‘,;lilo{:ljfe 9 P%ﬁabo(ofd

2(0,0) = 1(0)2+3,(o)°‘=o_ 2(0)0) = 4-2.0)23.(0)% 4 2 (0,0) :-(o)’l——z_[,o)l
Flr ; , ‘o O -
'{:[/wGrHZITCa' PO;Q'E is (O{O;O) _ —H/Ie C:Fl‘t'lcal PD:/?‘{' 18 (0,0)0) & cri-h’r;al

(0,0,4) - peint-
. ace opens
Slnce&'l:he Z”rf 7 I Since the svrface ©pens
Vpwar S and reaches downwards and achieves :>
i 1S & relative minimum . ) 4 iS @ relative maximum. R

— e ——— T e
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(42¢4)
for hjloerba[rc, Pafabo}oicl :

Sirce the surface curves t/r:wd/‘cls in the x—direc+tion

and dewawsrds in the y-direction , (0,0,0) is &

saddle point . £ does net Fepre&en—k a Maximum or

Minimunm  becavse It is hfjlf\er‘ in one direction and lower

tn another. Also, Tx and ]C:j exist and

1) Fx =4k 8 ) Py ==X 3) fx=2x
{3.—:63 -f&: -63 —fv:—l,ﬂ

=5 i) = f_l(o,o) =0

A eritical Poin—E Po (Xe) Yo ) IS considered & E’-fjﬂi

seink of £Gig) If every open disk certered at Fo
wn the demain ojc f where
s Where 'F(X;j) <o (XCHjoJ R

contains peints fro

'F(thj>>’?0(o;gjo) and POM‘E

i o e —— e —— — D - LP L

——

The ]Oreﬁous GK'&MP’& emphas{%es the need ]Cc,r Q
et hod to determine the nature ofa critical Po.",q-[_—_

The second derivative test for one-variable
,f-.)nc-l:ions states that if f’(x):Oj a relative maximum
pccurs at X=< ,’]C 'FH(C)<O and a relstive minimum
oceuls i f f"'(c)‘>©, \f F(e)=0, the tes+ is

inconclusive - The c:onccf)"i“: alse aj)rh’e& +o func-&fons O]C

Lwo Valiakles.
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&.\L"c;.‘_)rl(_“l [j@” '{ic_»‘[S “1-(';".~,_\'¢’l_. 125
e —— e —————— —

| et —f(x,.j) have & cfitieal Poin-[— at Pa(Xa;da_) with

continvovs second- order Pa’"":ia) decivatives in a dislk
centered at (Xosyo). Let (ole—t clefermman%)

b= det (frx 13 )< P fay= ()"

Thea, 8t Po : ﬁ(ﬂ fyy
e o> | Relotive mininun) @
T‘f {—E(Xo;jo)<0j

D (Xoyyo) >© TE\D (W
]Cxx (XO;:jo) >0

Tcxx (XO139)<O
D(Xo:ja) > D(Ko;jo) > 0]
| | e

).F D (x0140) =0, the test is inconclusive at Po.

/*X_ Fl‘ﬂd a” rela,{:l'\fe EXHQMQ af\cl S&C]clle )Do{’/l"f:S

E/of the f\mc%fan
glay) = X*+3%y +3y* —4X — &y T,
9= 2x+3y — 4 } Spmo =D BAEIY-4=@ Fas (D)
\0)3:3)(*63—6 8520 =) 87(1“63-—6 e €8 )
From 'E‘nl, (z> , We c smelf—f’J £ X+2d -2 =
=) X=2-2y, Suvbstitvte it inte Ey. (4) )

O

= 2(2-2)+3y~4+F O
=N =4y +3y-4=0 =>-Y=0 => y=o.
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126 )
Substituting Y=0 bacl nto x=2-2y :
=y x5 2= 200). =B . X=2 .

So, the M 1S (2./0)_
9xx = 2

8)(5 =3 :>D:8X>(353"'@xﬂ‘>2:: 2-6‘—32
9yy = 6 oy Pz d=d = &

Sinee D=3 20 and gyx=2 >0 , then +the ccitical

?o]n't (z0) 15 B relative minimum -
____,,_—-\_____‘-r—-—-——-—"'_‘-—-"_""
T hus , the D/\lj reladive extremvm S S M)A MU a%(zj,a),

B oo R WL e

Exw Find all relative e x trema and saddle Fafn—Es ']Cpf‘
R

+the -Fuao'l:ion h(X;g):K?’—SXj?‘.
g, 2BK =18 } axt=3yt =g =KD

h\j: "GX\j % '—GXU =0 - (2-)
-*GXJ AR X’—?.O ur J:O -
® = Chdds. into - Eq AN R
I X=0, SUbSh’E_U_ e Into q.(1) RS
w3y =0 Sl e point is
e cubskitute nto €g- (1) ¢ (0,0).
eh 3.(0)?'-:10 =) X=@© - ;
hxx = 6 X ;’XX(O’O):G‘(O):O D=lﬂxx'htdzj“[’lx_“;L

gy = = B hay foro) =obl)= P2 b 0. 0-p°
bgy 2 =Y by (0,0)=- 6@ B9
'TL‘WS_, h()({}j) has a saddle P&)M‘l{: at (0/o>
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A fun.:'l:fon f[mg) reaches both an absolute Maximum

‘-——‘—'--‘___.—-—-\__'_______/—‘—'-’l

sad an aksolvte minimvm on a1y closed ; bounded set S

i Vs eontiarpu g

I

To determine the absolvte extrema o‘f a continvous

'FU(\C—'{TI.DR ,f on a C—lOS@O]J bounded set 8} 'FOHO"U 'é{/Z.e_S'Q

steps -

@ \ole/l%{fj all eritical Pom'&s 070 £ within S,

@ Locate all boundary Pof/}'{:s of S where absolute
extrema may ocedr (:‘/lcluclf/lj critical ,oofn-é,s and
enclpoinics.))

@) evaluate £ (Xo19e) for each point identified
in 5»1:2‘93 { and 2 .

@ The abselute maxmum of £ on S is JchPT Plaf\je_s.-i:
V‘alug 'j:rom s—telo 3, and the absolute miamum 1S

he smallest valve -

R iR e IS e e
‘ of the furction

“Ex. Find the ab solvte extcema
/_F(x,3)= xi__,t]z over the disk Xz't'j"‘ é 4

@ '?x;'ix / EX:OK =) critical Pni‘n—E : (Ojc}).
o By s e
@ 'j:(oi O) = 0 (eda[da'f?e ot the critical P@fﬂ%)

@ X'= eSS (=) »]:(aose,sme) = cos?O-SN & = co.s(p_e>
Y = sSin e e B
(evalda%e on the bewn 3;5)

@ {:9 = —28In (2.9) =) {9_—:0 =) sin (2_9):«_0
_y9o=nTT = &=21 (n=0,4,2,3)
or© =5 Fl6)=d 4 o=T = f(=1,0) =1
= = BT
o= I = fOt)=-1, 9""2"';){(0,——-{):_{



128
Then sthe awa O'f f over disk Xz‘szé4 a@
- absolvte maximum 34 o+ (4,0) snd (~4,0),
- absclute minimum :=4 at (oyt) and (0,~4)-
WW’\—_#H
2v. Find the absolvte extrema of the -FMAC%:’OA
i 4 n
f(xfj):: XZ-I—UZ-—-:Z_Xj over the dislk X +j?' L4 .

it > Use +he method of critical peints and evalvate
on the bounday o—f Lhe disk to determine the

sbsolute extrems .

£ s
@ %X: 2LX- 2Y i:) Tx= 0 z:)i &

,-Ej::r 9_3._‘2)( -F:j-.:so X:j
Then, the critical Points oeeur aloa& the lne X=Y -
f there are any critical P@.‘nJcs iaside the disk :

We checle i
indo AHYPL4 = RHATE£4

SUES'{:H‘,L/*I:M\? J:X
S AR =D x% €2, Se, X=Y mvst De
W{-bld:f\ )(:‘--1——‘(-2—. .TI/NS ) the crf%fc&l \Ool'/l% % (Xrﬂ):({{IED*

§ FaNg) = (@) r(R)y-2@{E) =2 2-4=0.
:@_@39)2 +C23f/19_)2

=2 co089 ([ = 2¢o56, 28 A9
b X S 5 £L ) —-2(@503‘9)@.5;‘/\9)

Qj:fleAG
= [ cos®&x 50O — s cose =44 sine)

@ Fle) = -8 cos(20) = fley=0 = cos(2e)=0
= g@;ﬂ,}_ﬂ_’/”, =) Q-‘—‘-%,@.Z?’I/,S{_)}f?l,

5 ((L)= 4o o E)=-470 9 ()= hdsn(O )=t-4=0

F(30)= f—Gsin (8)=4-(-4)=8 RN )= Wi (I )= 4-(4)=¢
-« dbhsolvte Maxacrff ‘f (s 88 /Gc:czuff,q at ;I} ?_Zf}

- absoludie min. o is 0, oceuri aang¥
e T 1510, oceuriny 2t (> ok 0405/



{ '
cx. Find the Pom{' on the Plane lx*&\j +tz2=8 i

....;-"'"'_

Lhet is closest to the poin t P(1)2,3)-
],F Q(X;j,%} K afom—t on 2X— 3&4-2- & then we

ol e ge SRR Ry Sk tie dikones (Lo
P 4o @ s cLeJcermmeJ by
ﬁ Ly* +(5——2)'*—+(% —3)*

Taling »f(x'j)::dz (ms%eacl the minimizing d, we
MINM X2 the SO[UBI'E bf the oll&d—anceD, IS —L-he
MINM UM OfF d occurs at the same peints s the minimun

f 7. S\J‘os-hl—[:,u—l:m\cj into the distaace ]CorMu'[a -

£ (x19) (x-1)2+(y-2) 2 (8-2X+3y-3)%

PO 2T e St g (5-2%x+3y)*

= (X -;ZXH>+(5 t,j+i)+(zs 20X+3O¢j+4)(
—12 Xy -}—951)

=) ’F(ij) = 5X HOj ~20X+30y—12X4y+30 -

@ fx = 10K - 20-——{23 z f@ | 103(-'12J4-2_0 =% )(::E.ino

1

fy=Aty+ 30-12x ﬁj—— e 48&"'2""30—— J—HHO
@ e 2 '@jjj_(‘-'_)_) S M {2y -
5 3 = 3 o .__3_5_
{S
=) Y= j—-S =y A5y & 423-—5 ) .332-—5 =) \\j:ﬂ-__s‘gj
5 e
- {0 2
y! ¥ G e 6.( 3>+ . s I o A
=H kB =F 7 B ol s e

O,"‘%) : critical Pol‘ﬂ":~
@) 2= 8-2.(0) +3. (-=)=8-5=3

@ d= \FG -0)2 +(2- (= 5)!2_,_(3 3>'z W W : %animum 3
Tl

G\l.‘i'l"ance_
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w) Lajranje mulfbfg:liers @

In a,oph"ecl problems, we of ten optimize & function
of Lwo variables vnder & canstreint. For exauple , if
K(x,j,%) rePresen'tS the cencentration O-]C a substance

n &' selution and 2=f(xy) desccibes a reaction
we aim to find the maximum concentration

subjact to the constraint z= ]C(x;i)-

surrfac.e- J
on this surface
's theorem states that Ef f and g
have continvous ff'frst Par*l:ial derivatives and —F has an
e x tremum at P(Xa;go) on the censtraint <=vrve

g(xy)=¢< , nd Vg (xeiye) F 0, theqy +here exists
é ﬂUmber‘ ?\ SUGI/I "tl/l&'l: V‘F CXD!JQ) = A Va (XO}JD) J

Method o.f Lagraenge qu{:fplier& -

GGiven 4hat ,If and 9 Sa'l:[s.fj L"’jraﬂje S s
and ’FOQ_‘j) has an extremum subj—ec-b +to 8(;{,3):(___ y

fo\\ouu these steps -
y solye the system of
- Fulxy)= n-9x (x1y)
- fy (x19)= A~y (x19) -
 Jlad s
b) Fvalvate § ot all solutions from'@) and
on the loovn 43y T he extremwm will be among
these valves .
ke e S e e e s s

Laj range

a) e,oluakions :



G Ve -(:Dte, ]C\//\c(:i'o(\ ']C()Clj>:3 X+4 and »H/l@
COA\S’[‘:[B;/I‘% Xz+jz;(é J UsSe '(ihé ﬂ/le-éhoé QF l—éij[“é’/lﬂ@
W e Maximum 2ad Minimon value

nolkipliers to fi
of f- |
~ gxiy) = Xty =—{6 (define the cm\s—éram{—)
- fx (K(j) =3 g (]C,‘AJ the ;Oaf'éfal cleff\/a%a'\fe\s)
— fy (x1g)= 4
L B =R 3 F A.(2x) ) (from the system of
. /
T 4= A(2) ec’h:?ﬁ%ﬁ%m”&“
(£he constraint )

Er

— xtyr=16

GRS T Y =3 -2
4;2%3 =) ’/]—;__51__:;_2_ 2 I
]
PRganc il
SO
SU\osﬂ‘:i—Echfna Lthe constraint :
2
2 pini g gyt dly Sl =) g x*=2.1¢
X +(ﬁs—x) 16 .

Some peints on the circle X*ty*=16 are -

(=40, (4,0),(0,4), snd (0,74) -
They are candi dates for extreme velues. Thea ;
Fluoy = 3t 5(o) =12 £(~410)=3 (-4D+4-(0) =—12,
f(o,q)= 3.(0)4—4.(4):(6) {[0}-—4)——-3_(0),*4'(_4):_46‘

T here fore , the maxivum valve of i35 20 at (12 e
5/ S)J

the wminimom valve off (s =20 af (—15/ '“lé)
S 5 /s
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